A homology theory based on measures, first mentioned by Thurston, is naturally defined here as a functor into the category of locally convex topological vector spaces. It is proved that the first homology space is Hausdorff.
Löh [14] proves that the isomorphism between measure homology and singular homology is isometric with respect to the l 1 -semi-norm on singular homology and the semi-norm on measure homology induced by the total variation of the measure. The isometry is proved via dualisations of both homology theories in terms of bounded cohomology and a strong duality principle via a Kronecker product.
The appropriate duality principle has already been observed by Gromov [10, end of Section 2.3]. In the same paper, Gromov also mentions and introduces measure homology in his arguments (see [10, Section 2.2] ). Ratcliffe credits Gromov and Thurston for the construction of measure homology (see [17, p. 571] ), while Zastrow credits Milnor and Thurston (see [27, p. 369] ). Other papers that use measure homology theory are Kuessner [13] , Munkholm [16] and Soma [21] .
The idea to consider the invariants of algebraic topology not only as objects of algebra but also as objects that have as well a compatible topological structure is not new. Dugundji [4] considers a topologised fundamental group.
Let (X, x) be a topological pointed space. Recently, Biss [2] , generalising [4] , puts a topology on the fundamental group π 1 (X, x) in quite a natural way and asserts that X is semi-locally simply connected if and only if π 1 (X, x) is discrete [2, Theorem 5.1, p. 365].
As part of his programme, Biss enlarges the classical theory of covering spaces. Nevertheless, Fabel [8] shows that it is indispensable to add the assumption that X must be 'locally path connected' in order to make [2, Theorem 5.1] correct. In [5] and, more explicitly in [6] , Fabel shows that the description given in [2] of the fundamental group of the so-called harmonic archipelago as well as [2, Theorem 8.1] is false.
Fabel [7, Remark 2.1, p. 188], points out that there is a gap in the proof of [2, Proposition 3.1] which asserts that the topologised fundamental group is a topological group. The gap is created because the product of quotient maps may fail to be a quotient map itself. In [7] , the question of whether the topologised fundamental group, as defined by Biss, has a jointly continuous multiplication is left unsolved. Biss [2] is certainly a valuable contribution to the literature. Even in his work attacking [2] , Fabel does not hesitate from using other parts than those criticised as sources for his own arguments. In this work, we shall consider certain quotients of topological vector spaces. In our setting, there arise no difficulties with the joint continuity of the vector space operations involved.
I want to thank the referee for putting the present work into context through many pertinent observations.
A Homology Theory Based on Measures. Let ‫ޒ‬
∞ be the vector space of all sequences x = {x i } ∞ i=1 of real numbers that vanish from some point on, that is, there exists a non-negative integer n (depending on x) such that x i = 0 for all i ≥ n.
Let e i (i = 1, 2, . . .) be the vector whose ith coordinate is one and all other coordinates are zero, and let e 0 be the zero vector. Identify ‫ޒ‬ n (n ≥ 0) with the sub-space of ‫ޒ‬ ∞ having all components after the nth coordinate equal to zero. For q ∈ ‫,ގ‬ define the standard (geometric) simplex q as the convex hull of the set {e 0 , e 1 , . . . , e q } (note that 1 is just the unit interval I). If P 0 , P 1 , . . . , P q are points in some vector space ‫,ޅ‬ (P 0 , P 1 , . . . , P q ) will denote the restriction to q of the unique affine map ‫ޒ‬ q → ‫ޅ‬ taking e i into P i (i = 0, 1, . . . , q). Given a topological space X, a singular q-simplex in X is a (continuous) map σ: 
where 
is a compact set supporting ν, then G(K) is compact and supports G * ν, so G * is a well-defined linear transformation.
Let λ : S( s , X) κ → ‫ޒ‬ be any continuous function and define such that (μ) = λ dμ, for each μ ∈ C s X. By the definition of the weak topology on C s X, it is enough to prove that
by the definition of the weak topology on C q X, the assertion follows.
REMARK 2.1. It is easy to see that, for each q ∈ ‫,ގ‬ addition in C q X is continuous; therefore, the boundary operator is continuous.
, defines a continuous linear transformation. Furthermore, the following relations are satisfied:
(
Summarising, we have defined a covariant functor C from the category of topological Hausdorff spaces to the category of (non-negative) chain complexes over ‫,ޒ‬ which assigns to each Hausdorff space X the complex (C X,
}ގ‬ where for each q ∈ ‫,ގ‬ ∂ q is the unique map which makes the following diagram commutative.
If X is a Hausdorff space, there is a natural identification of the space of zerosingular simplices S( 0 , X) κ with X by associating to each simplex σ : 0 → X the point σ (0) in X. In this manner, C 0 X becomes the linear space of all signed Borel measures on X with compact support and :
is an augmentation; that is, an epimorphism such that the composite
Let X be a topological Hausdorff space, and let ( (X, ‫,)ޒ‬ ∂) = {( q (X, ‫,)ޒ‬ ∂ q ) | q ∈ ‫}ގ‬ be the standard singular real chain complex associated with X (in particular, q (X, ‫)ޒ‬ is the vector space of formal finite linear combinations of singular q-simplices with real coefficients).
The linear space q (X, ‫)ޒ‬ can naturally be embedded in C q X by sending each simplex σ :
q → X to the atomic probability supported in {σ }, and then, extending linearly to all of q (X, ‫.)ޒ‬ The inclusions i X : (X, ‫)ޒ‬ → C X, for all Hausdorff topological spaces X, certainly define a natural chain map preserving augmentation.
Denote by H s q (X, ‫)ޒ‬ the qth singular homology group with real coefficients of the space X, and by H q (X, ‫)ޒ‬ the qth measure homology ‫-ޒ‬vector space of X defined in this section (cf. [22, 
We will not try to generalise Assertion 2.2 and stress; instead, the fact that although we have defined a covariant functor C in the topological category of Hausdorff spaces, it is its restriction to the category of second countable, locally compact, Hausdorff (hence metrizable) spaces that takes values into the category of chain complexes of locally convex Hausdorff topological vector spaces over ‫ޒ‬ and continuous linear maps. The composite of C, when restricted, and the homology functor H (see [22, p. 158 According to Hansen [11] , for a wide class of topological spaces that contains all metrizable spaces, the homology functor H • C just constructed defines a homology theory with compact supports in the sense of Eilenberg and Steenrod, and that for any CW-complex X, the inclusion i X : (X, ‫)ޒ‬ → C X induces an isomorphism H(i X ) :
Following Milnor, let W • be the category of all spaces that have the homotopy type of countable CW-complexes as objects and arbitrary continuous maps as morphisms. A space X belongs to W • if and only if it has the homotopy type of a countable, locally finite simplicial complex [15, Theorem 1(c)]. Therefore, since a simplicial complex is a CW-complex on its underlying polyhedron, a space X belongs to W • if and only if it has the homotopy type of a countable simplicial complex or a countable, locally finite CW-complex. In particular, every X ∈ W • has a countable number of connected components and is homotopically equivalent to a separable, locally compact metric space (see [26, With these provisions, now it is possible to define H • C as a functor from W • to the category of graded topological, locally convex, vector spaces over ‫.ޒ‬ Indeed, for X in W • , (H • C)(X) is well defined as a graded vector space (and naturally isomorphic to the singular homology of X). Now let ξ : X Y be a homotopy equivalence between X and a second countable, locally compact Hausdorff space Y . By Assertion 2.2 and Remarks 2.2, (H • C)(Y ) is a graded topological, locally convex, vector space.
The isomorphism that this equivalence induces on homology defines a (locally convex) topological structure on (H • C)(X) independent of Y and ξ .
Examples.
The first of our examples is just the unit circle. The computations performed on the 'infinite telescope' described afterwards will allow us to show that the first homology space is separated. Proof. Let σ ∈ S( 2 , T 1 ) and let σ : 2 → ‫ޒ‬ be any lifting of σ . Then
2 ) * ≡ 0, as the previous computation has shown.
Because of the above assertions, the maps d, D and i induce the following commutative diagram in homology
But i * is an isomorphism and d is an isomorphism too, for it has been already noticed that d is the degree function for closed curves. Hence, D is an isomorphism as well.
(2) An Eilenberg-Mac Lane space of type ‫,ޑ(‬ 1).
Let j be a positive integer and let T 1 j denote the topological group ‫/1(/ޒ‬ j !) ‫,ޚ‬ where j ! = 1 × 2 × 3 × · · · × j and (1/ j !) ‫ޚ‬ denotes the discrete group of all integral multiples of 1/ j !.
If 0 < j ≤ , then there is a natural group homomorphism T 1 j → T 1 such that
Let be a positive integer and define K ‫,ޑ(‬ 1) as the quotient space obtained from the disjoint union I × T
Observe that K ‫,ޑ(‬ 1) has a 'horizontal' axis (each cylinder I × T 1 j has one), so we can deform it in itself by 'pushing to the right' along this axis. Therefore,
An explicit retraction by deformation for the Möbius strip K 1 ‫,ޑ(‬ 1) may be given by the formulas ( Note that K ‫,ޑ(‬ 1) is naturally embedded in K +1 ‫,ޑ(‬ 1). Finally, define the space
Let us mention that the topology of K(‫,ޑ‬ 1) as a quotient space coincides with the topology coinduced by the family {K ‫,ޑ(
induces the following commutative diagram:
It easily follows that there is a group isomorphism from π (K(‫,ޑ‬ 1)) onto the additive group ‫ޑ‬ of rational numbers. Now, π (K(‫,ޑ‬ 1)) being a rank one, torsion-free divisible group, its field structure depends only on a choice of multiplicative unit, so let ({0} × T 1 1 ) ⊂ K 1 ‫,ޑ(‬ 1) (positively traversed) be our preferred unit. The fact that the higher homotopy groups of a circle vanish, imply that the space we have defined has trivial higher homotopy groups (for any continuous α : S n → K(‫,ޑ‬ 1) has its image in some K ‫,ޑ(‬ 1)). Now we want to exhibit an isomorphism of the homology vector space H 1 (K(‫,ޑ‬ 1), ‫)ޒ‬ onto ‫.ޒ‬ For this purpose, we first observe that the inclusion 
Therefore, there is a well-defined continuous map λ : 
In the same way as in Example (1), it follows that D is an isomorphism.
4.
The first homology space is separated. Let X be a second countable, locally compact, Hausdorff space and let q be a non-negative integer. By Asertion 2.2, the space C q X of q-chains has been given a locally convex Hausdorff topology.
Let Z q X and B q X denote the topological vector sub-space of q-cycles and the sub-space of q-boundaries, respectively.
Certainly, H q (X, ‫)ޒ‬ = Z q X / B q X is endowed with the quotient topology. As in any quotient of topological vector spaces, H q (X, ‫)ޒ‬ is Hausdorff if and only if B q X is closed in Z q X. Observe that Z q X is the kernel of a boundary operator and therefore is closed in C q X (see Remark 2.1).
Question: Is H q (X, ‫)ޒ‬ a Hausdorff space in general?
For example, if we let X be the space K(‫,ޑ‬ 1) of the above section, then the continuous commutative diagram
D D
shows that the space B 1 X is equal to the kernel of D; hence, in this case, H 1 (X, ‫)ޒ‬ is Hausdorff.
Furthermore, using the fact that any linear bijection from a finite-dimensional Hausdorff topological vector space over ‫ޒ‬ onto some euclidean space is also a topological isomorphism ([3, Theorem 2.1, p. 413]), we can conclude that D is a homeomorphism as well.
When q = 1, this particular example implies that the answer to the above question is affirmative for topological spaces homotopically equivalent to countable CWcomplexes. This is the content of the next theorem. The set of reals ‫ޒ‬ has the structure of a ‫-ޑ‬vector space, so, if A is a ‫-ޑ‬ linear space, then Hom(A, ‫)ޒ‬ is well defined; but now, real multiplication induces on Hom(A, ‫)ޒ‬ the structure of a vector space over ‫.ޒ‬ In this way, the isomorphism
